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Why do we care?

srimny pl wers inler salisnalpeafer com

LARGE NUMBER CHAMPIONSHIP

Two competitors. One chalkboard. Largest integer wins.
Sponsored by MIT Linguistics & Philosophy. For details see http://fstudent. mit.edufiap/nci19.html

Friday
Jan. 26

Your MIT The

DEFENDING CHAMPION 3 p m CHALLENGER

Agustin Adam
"The Mexican multlpller

“The mad Bayesian”
"Plural pnwer "Dr. Evil"
"Ray gun” Elg flmt',r

RAYO

COMPETITION!
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Why do we care?

The duel between Agustin Rayo and Adam Elga went like this:
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BB(10'%)
Busy Beaver hierarchy = BB, (10'%)
Rayo’s number
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Why do we care?

Outline

Knuth’'s arrows

Fast-growing hierarchy

Busy beavers

Rayo’s number
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Why do we care?

Outline

« Knuth's arrows - Primitive recursive functions
» Fast-growing hierarchy - General recursion

« Busy beavers - Non-computable functions

« Rayo’s number - Second-order logic
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Knuth's up-arrow notation



Iterate on operations

addition: 100 + 100

multiplication: 100 x 100
O‘IOO

exponentiation: 10

[} (100100"'100)
tower of exponentiations:
1 00 100 times
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Knuth's up-arrow notation

alh=ab

attb2at(at(at..))

_—

-

b copies of a

at"b=at" " (et (et .))

b copies of a
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gogol = 10'°° =101 100
gogolplex = 10" < 10 M4

100
100" =100 11 100

1 OOEmes
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gogol = 10'°° =101 100
gogolplex = 10" < 10 M4

100
100" =100 11 100

1 OOEmes

31113
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gogol = 10'°° =101 100
gogolplex = 10" < 10 M4

100
100" =100 11 100

1 OOEmes

31113=311(3113)
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gogol = 10'°° =101 100
gogolplex = 10" < 10 M4

100
100" =100 11 100

1 OOEmes

31113=311(3113)
=311 (31313)
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gogol = 10'°° =101 100
gogolplex = 10" < 10 M4

100
100" =100 11 100

1 OOEmes

31113 =311(3113)
=31 31313))
=311 (3%)
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gogol = 10'°° =101 100
gogolplex = 10" < 10 M4

100
100" =100 11 100

1 OOEmes

31113 =311(3113)
=31 31313))
=311 (3%)
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Graham’s number
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Graham’s number

2 3 T 3

Knuth’s up-arrow notation 8 /29



Graham’s number

g, = SR E N
g1 = 3 MM 3
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Graham’s number

g3 = 3 M e, 13
gy = 3 M.t 3
g1 = 3 MM 3
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Graham’s number

G=ge= 3 o S + 3
3 M e, 13

g3 = R

g, = 3 1.1 3

g1 = 3 MM 3
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What is the use of g, ?

Take a coloring of an n-dimensional cube, and try to extract a single-colored
subgraph of size 4:
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What is the use of g, ?

Take a coloring of an n-dimensional cube, and try to extract a single-colored
subgraph of size 4:
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What is the use of 9e,?

Find the smallest n, such that:

If you take the n-dimensional cube, and consider the complete graph of its vertices,
any 2-coloring of the edges of this graph contains a complete subgraph of size 4 with

a single color.

<n<
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What is the use of 9e,?

Find the smallest n, such that:

If you take the n-dimensional cube, and consider the complete graph of its vertices,
any 2-coloring of the edges of this graph contains a complete subgraph of size 4 with

a single color.
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What is the use of 9e,?

Find the smallest n, such that:

If you take the n-dimensional cube, and consider the complete graph of its vertices,
any 2-coloring of the edges of this graph contains a complete subgraph of size 4 with

a single color.

13<n<g64
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What is the use of 9e,?

Find the smallest n, such that:

If you take the n-dimensional cube, and consider the complete graph of its vertices,
any 2-coloring of the edges of this graph contains a complete subgraph of size 4 with

a single color.

13 <n <211 (2 115138)

Knuth’s up-arrow notation 10 / 29



Fast-growing functions hierarchy



The fast-growing functions hierarchy

A family of functions f_(n), where « is an ordinal.
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Reminder on ordinals

- 0,1,2,3, ...
+ w=1{0,1,2,..} S
3 g9 1 = U o] S llm
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Reminder on ordinals

- 0,1,2,3, ...
+w=1{0,1,2,..} — ]l
c w2 = (Wt 1)U w1} ST
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Reminder on ordinals

- 0,1,2,3, ...
cw=1{0,12,.} — 1l

c w2 = (Wt 1)U w1} ST
2w =1{0,1,2, .t wt2,..} SO
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Reminder on ordinals

- 0,1,2,3, ...

cw=1{0,1,2,.} — ]l

c w2 = (Wt 1)U w1} ST

¢ 2w=1{0,1,2, wwt+1w+2,.} SO

e w? ={..., 2w,3w, ...} 11 IATTT T e
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Reminder on ordinals

£ 01,23, .

* w=1{0,1,2,...} = 1
cw+2=(w+1NHU{w+1} — [T

> g = {0 T 2 oo @ 091 3 Tl 09 = 22 o — LI 1T

v ={...,20,3w, ...} a1 N1 BRIl TR
e w¥ ={.., w0
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Reminder on ordinals

£ 01,23, .

* w=1{0,1,2,...} = 1
cw+2=(w+1NHU{w+1} — [T

> g = {0 T 2 oo @ 091 3 Tl 09 = 22 o — LI 1T

v ={...,20,3w, ...} a1 N1 BRIl TR
e w¥ ={.., w0

e W3 4?45
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Some [, functions
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Some [, functions

fo(n) =n+1

f1(n) = (fo)" (n) = fo(fo(---fo(n))) = 2n
* fa(n) =
* fu(n) =

furpr(n) =
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Some [, functions

* fon) =n+1

f1(n) = (fo)"(n) = fo(fo(--fo(n))) = 2n
* fo(n) = f1(f1(...f1(n))) =n x 2"
' fu(n) =

fugr(n) =
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Some [, functions

* fon) =n+1

f1(n) = (fo)"(n) = fo(fo(--fo(n))) = 2n
* fo(n) = f1(f1(...f1(n))) =n x 2"

fu(n) = fr(n)

fugr(n) =
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Some [, functions
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Some [, functions
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Let « be an ordinal (smaller than ¢,).

 folm) 2t (o4l &
who + WPt + .+ (wPr[n])

foz(n):
s fa=ao +1, fom) = (fa)"(n) | = IfFB=5+1,0ln]2nxu?

> Else, fon) = fajn(n), where - « Else, w?[n] £ WA
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fu2(2) = f2,(2)
— w+2<2>

Fast-growing functions hierarchy 17 [ 29



Fast-growing functions hierarchy 17 [ 29



Fast-growing functions hierarchy 17 [ 29



0

9
Q.
S
C
X

i

f2.,(2)

fu2(2)

N /N
/N A~
N Y A~
—~ (N
2 ~— S — /N
= 3 N
— % % o
—~~ .*w| 3 3 3

N— N N N N

17 | 29

Fast-growing functions hierarchy



0

9
Q.
S
C
X

i

f2.,(2)

fu2(2)

N— N e N N N

17 | 29

Fast-growing functions hierarchy



Fast-growing functions hierarchy 18 [ 29



f.(n)=f, (n) = =~ Knuth’s arrows !
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f.(n)=f, (n) = =~ Knuth’s arrows !

for1(n) = f,(fu (. fu (1))
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f.(n)=f, (n) = =~ Knuth’s arrows !

fos1(n) = f (fo(...f,(n))) = Graham’s number !

Fast-growing functions hierarchy 18 [ 29
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Busy beavers and oracles



The second-to-last of Rayo’s propositions was BB(1 0100) : what is that?
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Take all turing machines that:
 Have the alphabet {0,1}

- Have n or less states

« Run on a originally all 0 tape
« Terminate

Busy beavers and oracles 22 [ 29



Take all turing machines that:
 Have the alphabet {0,1}

- Have n or less states

« Run on a originally all 0 tape
« Terminate

Then BB(n) is the maximum numbers of 1s at the end of the execution of such a
machine.
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Take all turing machines that:
 Have the alphabet {0,1}

- Have n or less states

« Run on a originally all 0 tape
« Terminate

Then BB(n) is the maximum numbers of 1s at the end of the execution of such a
machine.

- This already beats our previous solutions!

Busy beavers and oracles 22 [ 29



Now add an oracle : a black box, that says whether a normal Turing machine
terminates or not.

With those “second-order” Turing machines, we can define BB,(n).
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Then BB;(n), BB,(n), BBs(n), ...
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Now add an oracle : a black box, that says whether a normal Turing machine
terminates or not.

With those “second-order” Turing machines, we can define BB,(n).
Then BB;(n), BB,(n), BBs(n), ...
Then BB (n)...

Same as before, we need to stop eventually: Adam Elga stopped at BB9(1O1°°).
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Winner?




So, can we even go beyond that in any meaningful way?
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So, can we even go beyond that in any meaningful way? yes!
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We generalized over the notion of computation : it's time to generalize over logic
itself!

Winner? 26 [ 29



We generalized over the notion of computation : it's time to generalize over logic
itself!

Rayo’s number is the biggest number that can be defined with a first-order formula
of size 10'%°.
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If we have a function [-] : formula — N, define the second-order formula Sat([¢], s) to mean

for all R, {V1), Vt a variable assignement,

R(| < ((v —xEx"/\t( ;) Et(z;))V
(v = =z,;" Ni(z;) :t(:cj)) V

(¥ ="-0" /\ﬂR([e] t)) v

(¢ = "6 A6y" NR([04],1) A R([6,],)) V
(v = "3z;0" A3X, R([0], t[z; < X])))

} = R(lel, 5)
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Then Rayo’s number is
I 5= max({m € N | Jp € arity(1),

|90| < 10100
ds, Sat([¢], s) A s(x1) =m
Vt,Sat(|¢],t) = t(zq) =m

Winner? 28 [ 29



Thank you!
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