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Walking on a graph



Why would you walk randomly on 
a graph ?

• Some problems are simpler to 
solve using randomness.

• You save ressources using a 
random walk.

Example [cube] :
3 random bits → 1 random bit
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Stochastic process

• Evolution :
𝑃 𝑝0 = 𝑝1

• States :

𝑝 =

𝑝1
⋮
𝑝𝛼

• Stochastic matrices :


𝑖=1

𝛼

𝑃𝑖,𝑗 = 1



Flip a coin

𝑃 =
1/2 1/2
1/2 1/2

=
1
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=
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States :

Transitions :

𝑃

0,5 0,5+

= 𝑃
1
0

=
0,5
0,5



Measurement
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Measurement doesn’t disturb the system !

P

𝑃 =
1/2 1/2
1/2 1/2



Random walks

• Usually states are vectors in 
𝑉𝑛𝑜𝑑𝑒𝑠.

Exemple : |010 >
• Here we take vectors in 𝑉𝑛𝑜𝑑𝑒𝑠 ×
𝑉𝑐𝑜𝑖𝑛 .

 Exemple : |010 > | ۧ2
• First we toss the coin.
 Exemple : |010 > σ𝑖=1

3 1

3
| ۧ𝑖

• Then we walk towards the node 
indicated by the coin.
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Walking randomly on a line

Probabilities : 1

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

State :   ۧ|0 | ۧ0



Walking randomly on a line

Probabilities : 1

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

State :   ۧ0,5|0 | ۧ0 + ۧ0,5|0 | ۧ1



Walking randomly on a line

Probabilities :

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

0,5 0,5

State :   ۧ0,5| − 1 | ۧ0 + ۧ0,5|1 | ۧ1



Walking randomly on a line

Probabilities :

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

0,5 0,5

State :   ۧ0,25| − 1 ۧ0 + ۧ0,25| − 1 ۧ1
+ ۧ0,25|1 | ۧ0 + ۧ0,25|1 | ۧ1



Walking randomly on a line

Probabilities :

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

0,25 0,5 0,25

State :   ۧ0,25| − 2 ۧ0 + ۧ0,25|2 ۧ1
+ ۧ0,5|0 (0,5 ۧ1 + 0,5 ۧ0 )



Walking randomly on a line

Probabilities :

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

0,25 0,5 0,25



Walking randomly on a line

Probabilities :

𝑃 =
1/2 1/2
1/2 1/2

0 1 2-1-2

0,375 0,375



After many steps…
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Quantum states

:   𝑝 = 𝑝0 ۧ0 + ⋯+ 𝑝𝛼 ۧ𝛼 =

𝑝0
⋮
𝑝𝛼

 with 𝑝𝑖 ∈ ℝ such that σ𝑖=0
𝛼 𝑝𝑖 = 1

: u = 𝑢0 ۧ0 + ⋯+ 𝑢𝛼 ۧ𝛼 =

𝑢0
⋮
𝑢𝛼

 with 𝑢𝑖 ∈ ℂ such that σ𝑖=0
𝛼 𝑢𝑖

2 = 1



Observing quantum states

: u = 𝑢0 ۧ0 + ⋯+ 𝑢𝛼 ۧ𝛼 =

𝑢0
⋮
𝑢𝛼

 with 𝑢𝑖 ∈ ℂ such that σ𝑖=0
𝛼 𝑢𝑖

2 = 1

ۧ|0  with probability 𝑢0
2

⋮
ۧ|𝛼  with probability 𝑢𝛼

2  



Quantum operations

Unitary matrix U :       𝑈𝑣 2 = 𝑣 2

Quantum

States

Quantum

States

U



Flip a quantum coin

𝑈 =
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Transitions : 𝑈

1

2
+

1

2

𝑈

1

2
−

1

2



Reversibility

All unitary matrices are inversible !

𝑈′ =

1

2

1

2
1

2

1

2

 is not inversible (and therefore not unitary).
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Destructive measurement
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Measurement disturbs the system !
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Quantum Walk on a line

Probabilities : 1

𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2

0 1 2-1-2

State :   ۧ|0 | ۧ0



Quantum Walk on a line

Probabilities : 1

0 1 2-1-2

State :   ൿ1/ 2|0 | ۧ0 + ൿ1/ 2|0 | ۧ1 𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2



Quantum Walk on a line

Probabilities :

0 1 2-1-2

0,5 0,5

State :   ൿ1/ 2| − 1 | ۧ0 + ൿ1/ 2|1 | ۧ1 𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2



Quantum Walk on a line

Probabilities :

0 1 2-1-2

0,5 0,5

𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2



Quantum Walk on a line

Probabilities :

0 1 2-1-2

0,25 0,5 0,25

𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2



Quantum Walk on a line

Probabilities :

0 1 2-1-2

0,25 0,5 0,25

𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2



Quantum Walk on a line

Probabilities :

0 1 2-1-2

0,625 𝟎, 𝟏𝟐𝟓

𝑈 =
1/ 2 1/ 2

1/ 2 −1/ 2



After many steps…



Random VS Quantum

0,625 𝟎, 𝟏𝟐𝟓0,375 0,375



Random VS Quantum

• Can implement irreversible
dynamics ;

• Non destructive 
measurement ;

• Doesn’t feature
interferences.

• Can only implement
reversible dynamics ;

• Destructive measurement ;
• Features interferences.
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Local search problem

• We search in a graph some marked
elements. Exemple : 110

• We can only use a random walk P on 
this graph. Exemple : draw one of 
your neighbours at random.

• How long does it takes ?



Two settings

• We have access to a random walk
(without coin) :

• We have access to the associated
quantum coin toss operator : 𝑈 ۧ𝑖 ۧ0 = | ۧ𝑖 

𝑗

𝑃𝑖,𝑗| ۧ𝑗



Efficiencies

𝑂(𝐻) calls to 𝑃

𝑂( 𝐻) calls to 𝑈



Groever Search

Find an element in a database quadratically faster

than classicaly !



Thank you !

• Can implement irreversible
dynamics ;

• Non destructive 
measurement ;

• Doesn’t feature
interferences.

• Can only implement
reversible dynamics ;

• Destructive measurement ;
• Features interferences

which allow to search
quadratically faster.
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• Introduction to Quantum Walks:
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• Results about the quadratic speed up for the local search Pb:
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• Knowing everything about Quantum Computation:
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